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Outline

 Module 1: Robot’s Advanced Body

 Module 2: Robot’s Advanced Perception

 Module 3: Robot’s Advanced Planning

 Module 4: Robot’s Advanced Control
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About NTU



4(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

School of Mechanical & Aerospace Engineering

Remember NTU’s Vision …

House of Talent

Hub of Global Impact
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Remember NTU’s Mission …

House of Talent

Builder

Hub of Global Impact
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Education is to help citizens to fulfill their missions on 

Earth, which include: to understand the world and to 

improve the world …
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About You
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Remember your mission as MAE 

undergraduates …

You are here to grow your knowledge 

and skills so as to be able to design 

machines with controllable behaviors 

and hopefully in some intelligent 

ways.
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How to fulfill your mission?
 To apply learnt knowledge and skills into the implementation of the following 

universal blueprint underlying all the intelligent machines or systems.

Systems

Under 

Control

Actual

Workspace

Control

Modules

Sensory

Modules

Planning

Modules
Digital

Workspace

User’s 

Instructions

+
-

Perception

Modules

Automation

Autonomy
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About Course
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Why to study this course?
 Toward Using Robot Power to Create Wealth …
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How to study this 

course?
 To put yourselves into the 

mindset of designers of robots 

as products:

 Who are the users?

 What are the needs of users?

 What are your robots which 

could meet the needs of your 

users or buyers?

 What are the solutions 

behind the design of your 

robots?

Market Demands or Needs

Product Specifications

Design Specifications

Conceptual Design

Selection of Materials/Components/Devices

Embodiment Design

Prototyping

Optimizing

Production

Marketing
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What to 

Learn?

Robotics
Intelligence

&

Motion

Robot’s

Advanced 

Perception

Perception of Photometry

Perception of 2D Geometry

Perception of 3D Geometry

Robot’s

Advanced 

Body 

Mechanical Systems

Control Systems

Programming Systems

Robot’s

Advanced

Control

Dynamics under Control

Control in Joint Space

Control in Task Space

Robot’s

Advanced

Planning

Task Planning

Action Planning

Motion Planning

Roadmap of Learning:

Q1: What is the energy 

flow?

Q2: What is the signal 

flow?

Q3: What is the 

knowledge flow?

Q4: What is the 

relationship between 

energy flow and signal 

flow?

Q5: What is the 

relationship between 

signal flow and 

knowledge flow?

1. One Machine

2. Two Capabilities

3. Three Benefits

4. Four Pillars

Key Take-aways

Key Take-aways

Key Take-aways

Key Take-aways

1

4

2

3
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Robot Control
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Task Space Joint Space

Kinematics

Desired

Motions

How to Apply?

Robot Intelligence

• Talking

• Seeing

• Reading

• Thinking

• Learning

Robot Body

How to program motions?

How to perform motions?

How to control motions?

How to simulate motions?

How to simulate motions?

Application

Domains



15(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

School of Mechanical & Aerospace Engineering

Terminology Alert

 Advanced Robotics is about the study of advanced 

robots which could perform tasks in some intelligent 

ways.

 Advanced Robot is a machine which has 

 two capabilities (automatic control and autonomous 

control), 

 three benefits and 

 four pillars.
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Today’s Lectures …

 Module 1: Robot’s Advanced Body

 Module 2: Robot’s Advanced Perception

 Module 3: Robot’s Advanced Planning

 Module 4: Robot’s Advanced Control
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Design, Machine, Control, Intelligence

Robot’s Advanced Perception

MA4825 Robotics

Xie Ming, PhD (France)

http://personal.ntu.edu.sg/mmxie

Module 2
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Outline of Module 2

 Perception of Photometry

 Perception of 2D Geometry

 Perception of 3D Geometry
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Outline of Module 2

 Perception of Photometry

 Perception of 2D Geometry

 Perception of 3D Geometry
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Design, Machine, Control, Intelligence

Perception of Photometry

MA4825 Robotics

Xie Ming, PhD (France)

http://personal.ntu.edu.sg/mmxie

Module 2

Lecture 1
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Outline of Lecture 1

 Basics of Sensing and Measurement

 Basics of Visual Signals

 Parameter(s) of Visual Signals

 Measurement of Photometry
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Outline of Lecture 1

 Basics of Sensing and Measurement

 Basics of Visual Signals

 Parameter(s) of Visual Signals

 Measurement of Photometry
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Sensing in Manufacturing Systems
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Sensing in Automated Production Lines
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Sensing in Automated Equipment

Task
Motion 

Planning
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How to do sensing and measurement?

Front-end 

Sensor

Front-end 

Sensor

Back-end 

Sensor

Directly-detectable

Quantities

Not-Directly-detectable

Quantities

Readable Values

Readable Values
Directly-detectable

Quantities

Sensing

Calibration

Measurement
Data without Unit 

of Measurement

Data with Unit 

of Measurement

Physical Quantities

Under Experiments
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Outline of Lecture 1

 Basics of Sensing and Measurement

 Basics of Visual Signals

 Parameter(s) of Visual Signals

 Measurement of Photometry
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Emission of Photons

 An electron inside atom or 

molecule can transit between the 

ground state and excited states.

 When an electron inside atom or 

molecule transits from an excited 

state to the ground state, a photon 

is emitted. 
Excited   

States 
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Example
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Sources of Light

 Any object, which emits continuously photons, is a light source.
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 Lights travel along a straight line from a source. The path being 

travelled by photons along a line are called a light ray.

Understanding Lights (1)
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Understanding Lights (2)

 Light rays can be reflected so as to change the directions of travel.



33(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

School of Mechanical & Aerospace Engineering

Example
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Use of Mirrors to Create the Effect of：
one object, two mirrored images

Object

Image 1

Image 2

Mirror 1

Mirror 2

Eye
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Understanding Lights (3)

 Light rays can travel from one media into another media. Such 

change of media will cause light rays to change direction of 

travel. Such phenomenon is called refraction.
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Example
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Example
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Understanding Lights (4)

 Light rays can end the journey by entering light receivers such as 

eyes or cameras.

Direct Light Rays Reflected Light Rays
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Example
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Example
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Understanding Lights (5) 

 A transparent device, with two spherical surfaces sharing a common 

axis, is called a lens. If the spherical surfaces are concave, the 

incoming light rays to such lens will be diverged.
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Understanding Lights (6)

 A transparent device, with two spherical surfaces sharing a common 

axis, is called a lens. If the spherical surfaces are convex, the 

incoming light rays to such lens will be focused.



43(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

School of Mechanical & Aerospace Engineering

Example

Object

Inverted Image 

Of Object

Iris
Lens
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Example

Subject

Lens
Camera

Film

Clear BlurryBlurry
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Understanding Lights (7)

 A light ray is composed of photon waves of different wave lengths 

or frequencies, which create the sensation of colourful light rays.

Colorful is colorless while colorless is colorful
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Example
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Example
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Colorful is colorless while colorless is colorful
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Example
Energy Increases

Colorful is colorless while colorless is colorful
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Understanding Lights (8)

 Red, Green and Blue are three primary additive colours. The 

mixture of the primary additive colours can produce other colours.
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Example
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Understanding Lights (9)

 Light rays are electro-magnetic waves which can serve as signal 

carriers for data communications.



52(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

School of Mechanical & Aerospace Engineering

Example
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Outline of Lecture 1

 Basics of Sensing and Measurement

 Basics of Visual Signals

 Parameter(s) of Visual Signals

 Measurement of Photometry
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What could be computed from visual signals?

Geometry

 Path (Motion)

 Direction (Appearance)

Photometry

 Luminance (or Intensity)

 Chrominance (or Colour) 

Colour 

Space
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What is Path of Visual Signals?

 Paths refer to the spatial locations that light sources pass through.
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What is Direction of Visual Signals?

 Directions refer to the angles of light rays with respect to reference 

coordinate systems.

x

y

o

x

y

o

x

y

o

u

v

o

u

v

o
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Geometric Equation of Thin Lens (1)

fSS

111

21

=+

f: Focal Length

S1: Distance to Object

S2: Distance to Image

Normal Scope
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fSS

111

21

=+
f: Focal Length

S1: Distance to Object

S2: Distance to Image

Geometric Equation of Thin Lens (2)

Micro Scope
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What is Luminance of Visual Signals?

 Luminance refers to a single value which represents the energy 

levels of light rays.

Grey Scale Levels
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What is Chrominance of Visual Signals?

 Chrominance refers to a set of two values which represent the 

colour information of light rays.

With Colours Without Colours
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Colour Spaces of Visual Signals 

 The values of luminance and chrominance form three-dimensional 

colour spaces.
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Example of RGB Colour Space
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Example of L*a*b Colour Space

-b

Blue



64(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

School of Mechanical & Aerospace Engineering

Example of HSV Colour Space
 Hue (colour angle), Saturation (colour amplitude), Visual Brightness
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RGB Colour Space to L*a*b Colour 

Space Conversion
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RGB Colour Space to HSV Colour 

Space Conversion
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Outline of Lecture 1

 Basics of Sensing and Measurement

 Basics of Visual Signals

 Parameter(s) of Visual Signals

 Measurement of Photometry
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Visual Signals Enable Interaction …
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Visual Signals Enable Automation …
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Applications (1)

 Illuminations and communications
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Applications (2)

 Visual Inspection
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Applications (3)

 Vision for Measurement, Inspection, Surveillance, Guidance, 

Recording, Learning, and Interaction, etc.

Physical World Conceptual World

Camera or Electronic Eye

Light Rays
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How to measure photometry?

 Use of Photoelectric Device to Sense:

 Intensities

 Colors
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A Person to Remember: Albert Einstein

 He has discovered the photoelectric effect which is 

the emission of electrons from a material caused by 

electromagnetic radiation such as ultraviolet light. 

Electrons emitted in this manner are called 

photoelectrons.

Nobel Prize in Physics 1921
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Principle of Measurement

 The principle consists of converting lights 

into optical images, which are then 

converted into analogue images. The 

analogue images could be formatted into 

time functions of voltages which could be 

automatically measured by 

microcontrollers or other advanced 

electronic hardware. 
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The Pipeline of Signal Flows
 1. From Light Rays to Optical Image:  MIMO

 2. From Optical Image to Analogue Image: MIMO

 3. From Analogue Image to Voltage Signals: MISO

 4. From Voltage Signals to Digital Image:  SIMO

 5. From Digital Image to Display

 6. From Digital Image to Image Processing …

MIMO

A/D
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Step 1: From Light Rays to Optical Image

Sensor Array
Byte image[256][256];
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Step 2: From Optical Image to Analogue Image
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Example of Imaging Sensor
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Step 3: From Analogue Image to Voltage Signals

Pixel = Picture Element
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Example of Image Acquisition
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Further Illustration …

Light Rays

Color

Filter

Two Dimensional

Spatial Data

(Matrix of Image)

One Dimensional Time Signals

Which Consists of a Series of Line Signals  
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Step 4: From Voltage Signals to Digital Image
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Step 4: (continued)
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Example of 

Quantization

Byte image[480][500];
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Step 5: From Digital Image to Display

 Output from digitization of visual signals is a series of three images: 

red component image, green component image and blue component 

image. These images can be displayed.
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Example of Pixel Values of Specific Colour Effects 
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Step 6: From Digital Image to Image Processing

 Output from digitization of visual signals is a series of three images: 

red component image, green component image and blue component 

image. These images can be processed.

Processing
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Summary of Lecture 1

 Basics of Sensing and Measurement

 Basics of Visual Signals

 Parameter(s) of Visual Signals

 Measurement of Photometry
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Outline of Module 2

 Perception of Photometry

 Perception of 2D Geometry

 Perception of 3D Geometry
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Design, Machine, Control, Intelligence

Perception of 2D Geometry

MA4825 Robotics

Xie Ming, PhD (France)

http://personal.ntu.edu.sg/mmxie

Module 2

Lecture 2
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Outline of Lecture 2

 Basics of 2D Geometry

 Parameters of 2D Geometry

 Measurement of 2D Geometry
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Outline of Lecture 2

 Basics of 2D Geometry

 Parameters of 2D Geometry

 Measurement of 2D Geometry
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Understanding 2D Geometry (1)
 2D geometry refers to the appearance of physical entities in a two-

dimensional space.

 2D space consists of a set of positions which are fully determined with 

two coordinates. 

X

Y

O
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Understanding 2D Geometry (2)

 The appearance of physical 

entities in a 2D space is 

manifested in the form of 

shapes.

X

Y

O
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Understanding 2D Geometry (3)

 Complex shapes in a 2D space are the results of compositional 

rules such as:

 Connect Between Points(point of shape 1, point of shape 2) at 
Angle(angle between shape 1 and shape 2)：

 ConnectPointsAtAngle(point, point, angle)

 Connect Between Curves(curve of shape 1, curve of shape 2) with 

Offset(distance between the endpoints of two curves)

 ConnectCurvesAtOffset(curve, curve, offset)
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Example

 Connect Between Points(A, B) with Angle(60º)

* A

* A

* B
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Example

 Connect Between Points(A, B) with Angle(45º)

* A

* B

* A
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Example

 Connect Between Lines(C1, C2) with Offset(d)

C1

C1

d
C2
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Understanding 2D Geometry (4)

 The sum of inter angles of a 2D polygon is equal to (N-2) x 180 degrees.
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Understanding 2D Geometry (5)

 The appearance of physical entities in a 2D space also includes 

the travelled locations.
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Understanding 2D Geometry (6)

 The spatial locations travelled or to be travelled are called paths.
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Example of Path
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Understanding 2D Geometry (7)

 The spatial locations with time constraint are called trajectories.
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Example of Trajectories
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Example of Trajectories of Angular Positions
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Example of Motion Planning and Control

Y

X
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What is the scenario of coordinate 

transformations in general?
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Basics of Homogeneous Transformation

𝐻𝑐𝑎𝑚𝑒𝑟𝑎 × 𝐻𝑤𝑜𝑟𝑙𝑑 = 𝐼4×4x

y

*

*Q

q

World Frame

Camera Frame

Image plane

Xc

Yc

Zc

Xr

Yr
Zr

𝑢 𝑣

𝐻𝑐𝑎𝑚𝑒𝑟𝑎 =
𝑅𝑐𝑎𝑚𝑒𝑟𝑎 𝑇𝑐𝑎𝑚𝑒𝑟𝑎

0 0 0 1

𝐻𝑤𝑜𝑟𝑙𝑑 =
𝑅𝑐𝑎𝑚𝑒𝑟𝑎

−1 −𝑅𝑐𝑎𝑚𝑒𝑟𝑎
−1 × 𝑇𝑐𝑎𝑚𝑒𝑟𝑎

0 0 0 1

𝐻𝑐𝑎𝑚𝑒𝑟𝑎 = 𝐻𝑤𝑜𝑟𝑙𝑑
−1
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Transformation of Coordinates in 3D Space

 The coordinates in the reference frame can be transformed into the 

coordinates in the camera frame.

𝑐𝑋
𝑐𝑌
𝑐𝑍

1

= 𝑐𝐻𝑟 •

𝑟𝑋
𝑟𝑌
𝑟𝑍

1

𝑐𝐻𝑟 =

𝑟11 𝑟12 𝑟13 𝑡𝑥

𝑟21 𝑟22 𝑟23 𝑡𝑦

𝑟31 𝑟32 𝑟33 𝑡𝑧

0 0 0 1

x

y

*

*
Q

q

Reference Frame

Camera Frame

Image plane

Xc

Yc

Zc

Xr

Yr
Zr

𝑢
𝑣
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Practices with Rotational Transformation

x

y

*

*
Q

q

Reference Frame

Camera Frame

Image plane

Xc

Yc

Zc

Xr

Yr
Zr

𝑢
𝑣

X

Y

Z

X
Y

Z

Z

X

Y

Before Rotation

After Rotation 

About X Axis

After Rotation 

About Y Axis

After Rotation 

About Z Axis

Y
Z

X
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Outline of Lecture 2

 Basics of 2D Geometry

 Parameters of 2D Geometry

 Measurement of 2D Geometry



114(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

School of Mechanical & Aerospace Engineering

There Are Two Types of 

Parameters

 Pose: 

 It refers to positions and 

orientations of entities 

with respect to a Global 

Coordinate System.

 Shape:

 It refers to outlines of 

entities with respect to 

Local Coordinate Systems 

assigned to these shapes, 

respectively.

globalX

globalY

globalO

localX

localY

localO

localX

localY

localO

localX

localY

localO
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Parameters of Positions in 2D Space (1)

r


),( yxr =


globalY

globalX
globalO

localX

localY

localO

localX

localY

localO
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Parameters of Positions in 2D Space (2)



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Example
 A mobile robot moves on a floor by following a straight line. It 

passes point A(2.0, 2.0) (cm) at time t1=1.0 s, and point B(4.0, 

7.0) (cm) at t2=3.0 s. What are the coordinates of the origin of 

the local coordinate system assigned to the mobile robot?

 Answer:

GlobalX

GlobalY

GlobalO

LocalX

LocalY

LocalO

0.40.3

0.20.1

=+

=+

xx

xx

ba

ba

0.1

0.1

=

=

x

x

b

a

0.70.3

0.20.1

=+

=+

yy

yy

ba

ba

5.0

5.2

−=

=

y

y

b

a










−

+
=








=

5.05.2

0.1

)(

)(
)(

t

t

ty

tx
tr


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Parameters of Lines in 2D Space 

LocalX

LocalY

LocalO

baxy +=
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Example

 A line in a 2D space passes through two points: (2,3) and (10,8). 

What are the parameters of the line?

 Answer:

210

38

2

3

−

−
=

−

−

x

y

* (x,y)

3)2(
8

5
+−= xy

4

7

8

5
+= xy )

4

7
,

8

5
(),( =ba
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Exercises
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Parameters of Circles in 2D Space 

LocalX

LocalY

LocalO

222 )()( ryyxx cc =−+−

),( cc yx

r
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Example

 What are the parameters of the circle shown in the figure?

 Answer:















−

=
















3

2

2

r

y

x

c

c
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Example
 A mechanical gear is under visual inspection. If the tips of the 

gear’s three teeth are at the positions (x1, y1), (x2, y2) and (x3, 

y3), what are the parameters of the circle which envelopes the 

tips of all the teeth of the gear?

 Answer:

LocalX

LocalY

LocalO

),( cc yx

r),( 33 yx

),( 22 yx

),( 11 yx

22

1

2

1 )()( ryyxx cc =−+−

22

2

2

2 )()( ryyxx cc =−+−

22

3

2

3 )()( ryyxx cc =−+−

(to continue)
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22

1

2

1

2

1

2

1 22 ryyyyxxxx cccc =+−++−

22

2

2

2

2

2

2

2 22 ryyyyxxxx cccc =+−++−

22

3

2

3

2

3

2

3 22 ryyyyxxxx cccc =+−++−

2

2

2

1

2

2

2

12121 )(2)(2 yyxxyyyxxx cc −+−=−+−

2

3

2

1

2

3

2

13131 )(2)(2 yyxxyyyxxx cc −+−=−+−
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Representation of Curve-type Shape 

in 2D Space 

  0

1

...
1...

1

1 =




















−



−

n

n

nn

nn y

y

Pxx

n=1,2,…

Any curve could be approximated 

by a set of line segments and arcs

𝑋local

𝑌local

𝑂local Next Slide
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Example of Using 

Splines …

𝑦 = 𝑎𝑥 + 𝑏

𝑦 = 𝑎𝑥3 + 𝑏𝑥2 + 𝑐𝑥 + 𝑑
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Outline of Lecture 2

 Basics of 2D Geometry

 Parameters of 2D Geometry

 Measurement of 2D Geometry
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Applications

 Inspection

 Grasping

 Manipulation

 Guidance

 Cognition / Recognition
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Example of Vision-Guided 

Manipulation
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Example of Vision-Guided Quality 

Control in Manufacturing
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Example of Vision-Guided Material 

Handling in Manufacturing
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Example of Vision-Guided Locomotion
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Example of 

Vision-Guided 

Locomotion
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More Example
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More Example
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Principle of Using Single Camera

 The geometry of physical 

entities in a 2D space depends 

on the coordinates of points.

 The measurement of 

coordinates of points in a 2D 

space can be achieved with a 

single camera or monocular 

vision system.

 A monocular vision system 

relates the coordinates of 

points in 2D space to the 

coordinates in image space in 

a unique way.
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Motion Flow in 

Monocular 

Vision … Step 1: Image  

Sensing by Camera

Step 2: Image

 Digitization

Analogue 

image

Step 3: Image 

Processing & Pattern 

Recognition

Digital 

image

Step 4: Measurement of 

Object Geometry in 2D 

or 3D space

Image 

Geometry

Step 5: Motion Planning

Object 

Geometry

Step 6: Control of 

Motion Mechanism

Motion

Series

Control

Command

What is a motion flow?

It refers to a flow of 

coordinate systems
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Equations of Monocular Vision

x

y

*

*Q

q

Reference Frame

Camera Frame

Image plane

Xc

Yc

Zc

Xr

Yr
Zr

Digital image

Analogue image

A/D

*q

v

u

Image Processing

















•
















=

















•

•

11

v

u

hg

fed

cba

k

Yk

Xk
r

r

𝑜

𝑜 𝑥

𝑦

Monocular Vision Matrix
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Proof Step 1:

 We consider the case of the measurement of points on a 2D plane:
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Proof Step 2:

 We use a single camera as the sensing device:

Image 

Plane

2D space

Top
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Proof Step 3:

 The coordinates in the reference frame can be transformed into 

the coordinates in the camera frame:

𝑐𝑋
𝑐𝑌
𝑐𝑍

1

= 𝑐𝐻𝑟 •

𝑟𝑋
𝑟𝑌
𝑟𝑍

1

𝑐𝐻𝑟 =

𝑟11 𝑟12 𝑟13 𝑡𝑥

𝑟21 𝑟22 𝑟23 𝑡𝑦

𝑟31 𝑟32 𝑟33 𝑡𝑧

0 0 0 1
x

y

*

*Q

q

Reference Frame

Camera Frame

Image plane

Xc

Yc

Zc

Xr

Yr
Zr
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Proof Step 4:

 The coordinates in camera frame can be projected into the 

coordinates in image plane:

x

y

*

*Q

q

Reference Frame

Camera Frame

Image plane

Xc

Yc

Zc

Xr

Yr
Zr

Z

Y
fy

Z

X
fx

c

c

c

c

•=•=       and       





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


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•
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𝑥𝑑 = 𝑓
𝑥𝑐

𝑧𝑐

𝑦𝑑 = 𝑓
𝑦𝑐

𝑧𝑐

Further Proof Detail …

𝑂𝑝𝑂𝑐

𝑂𝑂𝑐
=

𝑃𝑐𝑂𝑝

𝑃𝑑𝑂
=

𝑧𝑐

𝑓
=

𝑥𝑐

𝑥𝑑
=

𝑦𝑐

𝑦𝑑

𝑧𝑐

𝑓
=

𝑦𝑐

𝑦𝑑

𝑧𝑐

𝑓
=

𝑥𝑐

𝑥𝑑

𝑥𝑐

𝑦𝑐

𝑃𝑐(𝑥𝑐, 𝑦𝑐, 𝑧𝑐)

= 𝑃𝑑 (𝑥𝑑 , 𝑦𝑑 , 𝑓)
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Proof Step 5:

 The image sensor creates an analogue image from the light 

pattern in the image plane:
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Proof Step 6:
 The analogue image produced at the 

image plane can be digitized into the 

corresponding digital image:
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Proof Step 7:

 The coordinates (x, y) in image plane can be converted into the 

coordinates (u, v) inside image matrix:
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Further Proof Detail …
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Proof Step 8:
 The coordinates (X, Y, Z) in reference frame can be related to the coordinates 

(x, y) in image plane:

𝑐𝑋
𝑐𝑌
𝑐𝑍

1

= 𝑐𝐻𝑟 •

𝑟𝑋
𝑟𝑌
𝑟𝑍

1




















•
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








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
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





•

•

1
0100
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X
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f
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ys
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c

c

c

𝑠 • 𝑥
𝑠 • 𝑦

𝑠
=

𝑓 0 0 0
0 𝑓 0 0
0 0 1 0

𝑟11 𝑟12 𝑟13 𝑡𝑥

𝑟21 𝑟22 𝑟23 𝑡𝑦

𝑟31 𝑟32 𝑟33 𝑡𝑧

0 0 0 1

𝑟𝑋
𝑟𝑌
𝑟𝑍

1

𝑐𝐻𝑟 =

𝑟11 𝑟12 𝑟13 𝑡𝑥

𝑟21 𝑟22 𝑟23 𝑡𝑦
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0 0 0 1



149(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

School of Mechanical & Aerospace Engineering

Proof Step 9:
 The coordinates (X, Y, Z) in reference frame can further be related to the 

coordinates (u, v) inside image matrix:

𝑠 • 𝑥
𝑠 • 𝑦

𝑠
=

𝑓 0 0 0
0 𝑓 0 0
0 0 1 0

𝑟11 𝑟12 𝑟13 𝑡𝑥

𝑟21 𝑟22 𝑟23 𝑡𝑦

𝑟31 𝑟32 𝑟33 𝑡𝑧

0 0 0 1

𝑟𝑋
𝑟𝑌
𝑟𝑍

1

𝑠 • 𝑢
𝑠 • 𝑣

𝑠
=

1

Δ𝑢
0 𝑢0

0
1

Δ𝑣
𝑣0

0 0 1

•
𝑠 • 𝑥
𝑠 • 𝑦

𝑠

𝑠 • 𝑢
𝑠 • 𝑣

𝑠
=

𝑓

∆𝑢
0 𝑢0 0

0
𝑓

∆𝑣
𝑣0 0

0 0 1 0

𝑟11 𝑟12 𝑟13 𝑡𝑥

𝑟21 𝑟22 𝑟23 𝑡𝑦

𝑟31 𝑟32 𝑟33 𝑡𝑧

0 0 0 1

𝑟𝑋
𝑟𝑌
𝑟𝑍

1
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Proof Step 10:
 Then, we  obtain the equation of camera’s forward projection:

𝑠 • 𝑢
𝑠 • 𝑣

𝑠
= 𝐶3×4 •

𝑟𝑋
𝑟𝑌
𝑟𝑍

1

Equation of Camera’s Forward Projection

Camera’s Forward Projection Matrix

𝑠 • 𝑢
𝑠 • 𝑣

𝑠
=

𝑓

∆𝑢
0 𝑢0 0

0
𝑓

∆𝑣
𝑣0 0

0 0 1 0

𝑟11 𝑟12 𝑟13 𝑡𝑥

𝑟21 𝑟22 𝑟23 𝑡𝑦

𝑟31 𝑟32 𝑟33 𝑡𝑧

0 0 0 1

𝑟𝑋
𝑟𝑌
𝑟𝑍

1
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Proof Step 11:
 If we let Z coordinate to be zero, then we obtain the equation of monocular 

vision’s forward projection:

𝑠 • 𝑢
𝑠 • 𝑣

𝑠
= 𝐶3×4 •

𝑟𝑋
𝑟𝑌

0
1

𝑠 • 𝑢
𝑠 • 𝑣

𝑠
 =  D3×3 •

𝑟𝑋
𝑟𝑌

1

Equation of Monocular Vision’s Forward Projection
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𝑦

(x,y)

𝑜
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Proof Step 12:
 By inverting matrix D, then we obtain the equation of monocular vision’s 

inverse projection:

𝑠 • 𝑢
𝑠 • 𝑣

𝑠
 =  D3×3 •

𝑟𝑋
𝑟𝑌

1

Equation of Monocular Vision’s Inverse Projection

*q

v

u

*q

v

u𝑢0

𝑣0 𝑥

𝑦

(x,y)

𝑜

𝑘 • 𝑟𝑋

𝑘 • 𝑟𝑌

𝑘

 =  M3×3 •
𝑢
𝑣
1

𝑀3×3 =
𝑎 𝑏 𝑐
𝑑 𝑒 𝑓
𝑔 ℎ 1

with
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Summary of Proved Result:

 Finally, we have proven the following equation:
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Discussion: How to calibrate monocular vision?

 How to determine the coefficients inside the monocular vision matrix?
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Discussion: How to calibrate a camera?
 The Details of Individual Camera Calibration:

 There are 11 coefficients inside each M matrix.

 One pair of {(u,v), (X,Y,Z)} provides 2 equations for 

each M matrix.

 Six (6) pairs of {(u,v), (X,Y,Z)} are sufficient enough.

𝑠 • 𝑢𝑙

𝑠 • 𝑣𝑙

𝑠
=

𝑐𝑙1 𝑐𝑙2 𝑐𝑙3 𝑐𝑙4

𝑐𝑙5 𝑐𝑙6 𝑐𝑙7 𝑐𝑙8

𝑐𝑙9 𝑐𝑙10 𝑐𝑙11 1
•

𝑟𝑋
𝑟𝑌
𝑟𝑍

1

𝑠 • 𝑢𝑟

𝑠 • 𝑣𝑟

𝑠
=

𝑐𝑟1 𝑐𝑟2 𝑐𝑟3 𝑐𝑟4

𝑐𝑟5 𝑐𝑟6 𝑐𝑟7 𝑐𝑟8

𝑐𝑟9 𝑐𝑟10 𝑐𝑟11 1
•

𝑟𝑋
𝑟𝑌
𝑟𝑍

1
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Summary of Lecture 2

 Basics of 2D Geometry

 Parameters of 2D Geometry

 Measurement of 2D Geometry
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Outline of Module 2

 Perception of Photometry

 Perception of 2D Geometry

 Perception of 3D Geometry
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Design, Machine, Control, Intelligence

Perception of 3D Geometry

MA4825 Robotics

Xie Ming, PhD (France)

http://personal.ntu.edu.sg/mmxie

Module 2

Lecture 3
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Outline of Lecture 3

 Basics of 3D Geometry

 Parameters of 3D Geometry

 Measurement of 3D Geometry
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Outline of Lecture 3

 Basics of 3D Geometry

 Parameters of 3D Geometry

 Measurement of 3D Geometry
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Understanding 3D Geometry (1)

 3D geometry refers to the appearance of physical entities in a three-

dimensional space.

 3D space consists of a set of positions which are fully determined with 

three coordinates. 
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Understanding 3D Geometry (2)

 The appearance of physical 

entities in a 3D space is 

manifested in the form of 3D 

shapes which are also called 

objects.

Y

O X
Z
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Example

 Intersections between 3D 

shape and planes will 

result in 2D shapes.

 3D shape has outer 

surface, inner surface 

and body between them.

 2D shape has outer edge, 

inner edge and body 

between them.
Y

O X
Z
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Understanding 3D Geometry (3)

 Complex shapes in a 3D space are the results of compositional 

rules such as:

 Connect Between Points(point of shape 1, point of shape 2) at 

Angle(angle between shape 1 and shape 2)

 Connect Between Curves(curve of shape 1, curve of shape 2) with 

Offset(distance between the endpoints of two curves)

 Connect Between Surfaces(surface of shape 1, surface of shape 2) 

with Orientation(angle about normal to surface) and Offset(distance 

between the origins of two surfaces)
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Example Edge Lines 

Connected Between Points

Blocks

Connected Between Surfaces

Surfaces

Connected Between Lines
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Understanding 3D Geometry (4)

 The appearance of physical entities in a 3D space also includes 

the travelled locations.
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Understanding 3D Geometry (5)

 The spatial locations travelled or to be travelled are called paths.
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Understanding 3D Geometry (6)

 The spatial locations with time constraint are called trajectories.
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Example of Motion Planning and Control
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What is the scenario of coordinate 

transformations in general?
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Basics of Homogeneous Transformation

𝐻𝑐𝑎𝑚𝑒𝑟𝑎 × 𝐻𝑤𝑜𝑟𝑙𝑑 = 𝐼4×4x
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𝐻𝑐𝑎𝑚𝑒𝑟𝑎 = 𝐻𝑤𝑜𝑟𝑙𝑑
−1
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Transformation of Coordinates in 3D Space

 The coordinates in the reference frame can be transformed into the 

coordinates in the camera frame.

𝑐𝑋
𝑐𝑌
𝑐𝑍

1

= 𝑐𝐻𝑟 •

𝑟𝑋
𝑟𝑌
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1

𝑐𝐻𝑟 =
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𝑟21 𝑟22 𝑟23 𝑡𝑦

𝑟31 𝑟32 𝑟33 𝑡𝑧

0 0 0 1
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Practices with Rotational Transformation
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Outline of Lecture 3

 Basics of 3D Geometry

 Parameters of 3D Geometry

 Measurement of 3D Geometry
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There Are Two Types of Parameters 

 Pose: 

 It refers to positions and 

orientations of entities 

with respect to a Global 

Coordinate System.

 Shape:

 It refers to surfaces of 

entities with respect to 

Local Coordinate Systems 

assigned to these shapes, 

respectively.

globalX

globalY

globalO

localX

localY

localO

localX

localY

localO

globalZ

localZ

localX

localY

localO

localZ
localZ
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Representation of Positions in 3D Space 

without Time Constraints

r


),,( zyxr =


globalY

globalX
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globalZ

localX

localY

localO
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localX

localY

localO

localZ𝑓 𝑥, 𝑧 = 0

𝑓 𝑥, 𝑦 = 0
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Representation of Positions in 3D Space 

with Time Constraints
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Representation of Orientations in 3D 

Space
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𝑡
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Equivalent Axis and Angle of Rotation in 3D Space

wX

wY

wZ

ez
ey

ey

ez
ex

ex
it

st

1r


2r


20 ,ttR
10 ,ttR

21 ,ttR

𝑅𝑡1,𝑡2
=

𝑟11 𝑟12 𝑟13

𝑟21 𝑟22 𝑟23

𝑟31 𝑟32 𝑟33

This is the orientation at time t2, 

as the result of the change of 

orientation from time t1 to time t2.

Equivalent Axis of Rotation:

 ቚԦ𝑟
𝑡1,𝑡2

=

𝑟32 − 𝑟23

𝑟13 − 𝑟31

𝑟21 − 𝑟12

Equivalent Angle of Rotation:

 𝜃𝑡1,𝑡2
 = arccos(

𝑟11 + 𝑟22 + 𝑟33 − 1

2
)

𝑡1

𝑡2

Simple and Useful for Adding Time Constraint
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Parameters of Lines in 3D Space

𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 + 𝑑 = 0
𝑒𝑥 + 𝑓𝑦 + 𝑔𝑧 + ℎ = 0

r


𝑌𝑙𝑜𝑐𝑎𝑙

𝑋𝑙𝑜𝑐𝑎𝑙𝑂𝑙𝑜𝑐𝑎𝑙

𝑍𝑙𝑜𝑐𝑎𝑙
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Example

 What are the parameters of the line which passes through points 

A(9,2,7) and B(4,8,10)?

 Answer:
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Parameters of Circles in 3D Space

2222 )()()( rzzyyxx ccc =−+−+−

𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 + 𝑑 = 0

A 3D circle is the intersection between a sphere and a plane.
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Example

 You are given three points on a circle, List down the equations 

which are sufficient enough to determine the parameters of the 

circle.

 Answer:

22

1

2

1

2

1 )()()( rzzyyxx ccc =−+−+−

22

2

2

2

2

2 )()()( rzzyyxx ccc =−+−+−

22

3

2

3

2

3 )()()( rzzyyxx ccc =−+−+−

𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 + 1 = 0
x axis

y axis
),,( 111 zyx

),,( 222 zyx

),,( 333 zyx

),,( ccc zyx

A

B C

D

Reference Coordinate System
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How to estimate the parameters?

 First step to estimate the equation of supporting plane.

 Second step to estimate the center of the circle.

 Final step to estimate the radius.

 Hint to first step:

ቐ

𝑎𝑥1 + 𝑏𝑦1 + 𝑐𝑧1 + 1 = 0
𝑎𝑥2 + 𝑏𝑦2 + 𝑐𝑧2 + 1 = 0
𝑎𝑥3 + 𝑏𝑦3 + 𝑐𝑧3 + 1 = 0

𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 + 1 = 0

x axis

y axis
),,( 111 zyx

),,( 222 zyx

),,( 333 zyx

),,( ccc zyx

A

B C

D

Reference Coordinate System
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Parameters of Curves in 3D Space
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Representation of Plane-type Shape (e.g. 

3D Rectangle or Triangle) in 3D Space

0=+++ dczbyax

𝑍𝑙𝑜𝑐𝑎𝑙

𝑌𝑙𝑜𝑐𝑎𝑙

𝑋𝑙𝑜𝑐𝑎𝑙
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Parameters of Surfaces in 3D Space

0=+++ iiii dzcybxa ,...3,2,1,0=i

𝑌𝑙𝑜𝑐𝑎𝑙

𝑋𝑙𝑜𝑐𝑎𝑙𝑂𝑙𝑜𝑐𝑎𝑙
𝑍𝑙𝑜𝑐𝑎𝑙
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Example

Any surface could be a set of 

Triangles or Rectangles

Next Slide
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Example
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More Examples … 
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Outline of Lecture 3

 Basics of 3D Geometry

 Parameters of 3D Geometry

 Measurement of 3D Geometry
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Applications

 Visual Inspection

 Guidance

 Grasping / Manipulation

 Reverse Engineering

 Object Cognition / Recognition

 Scene Cognition / Recognition
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You could set up 

binocular vision system 

at home with two laptops

3D Model Acquisition
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Visual Inspection
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Visual Inspection
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Visual Guidance
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Principle of Using Two Cameras
 The geometry of physical 

entities in a 3D space 

depends on the coordinates 

of points.

 The measurement of 

coordinates of points in a 3D 

space can be achieved with 

stereovision or binocular 

vision system.

 A binocular vision can see a 

point P and will output two 

image points.

 The coordinates of the two 

images allow a machine to 

uniquely determine the 

coordinates of point P.
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Motion Flow in 

Binocular 

Vision … Step 1: Image  

Sensing by Stereovision

Step 2: Image

 Digitization

Analogue 

image

Step 3: Image 

Processing & Pattern 

Recognition

Digital 

image

Step 4: Measurement of 

Object Geometry in 2D 

or 3D space

Image 

Geometry

Step 5: Motion Planning

Object 

Geometry

Step 6: Control of 

Motion Mechanism

Motion

Series

Control

Command

What is a motion flow?

It refers to a flow of 

coordinate systems
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Equation of Binocular Vision

World Frame

*Q

Z

X

Y

Z

X

Y x

y

*
a

Camera Frame

ru

rv

* a

Right 

Camera

Right 

Image

Camera Frame
lu

lv

* b

Left 

Image

Left 

Camera

Y

*

Z

X

x

y
b

Stereo

Matching

𝑟𝑋
𝑟𝑌
𝑟𝑍

= (𝐴𝑡 • 𝐴)−1 • (𝐴𝑡 • 𝐵)
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Proof Step 1:
 The equation of left camera’s 

forward projection could be 

written into a system of 

equations:

𝑠𝑙 • 𝑢𝑙

𝑠𝑙 • 𝑣𝑙

𝑠𝑙

=

𝑐𝑙1 𝑐𝑙2 𝑐𝑙3 𝑐𝑙4

𝑐𝑙5 𝑐𝑙6 𝑐𝑙7 𝑐𝑙8

𝑐𝑙9 𝑐𝑙10 𝑐𝑙11 1
•

𝑟𝑋
𝑟𝑌
𝑟𝑍

1

Reference Frame

Z

X

Y

𝑠𝑙 • 𝑢𝑙 = 𝑐𝑙1 • 𝑟𝑋 + 𝑐𝑙2 • 𝑟𝑌 + 𝑐𝑙3 • 𝑟𝑍 + 𝑐𝑙4

𝑠𝑙 • 𝑣𝑙 = 𝑐𝑙5 • 𝑟𝑋 + 𝑐𝑙6 • 𝑟𝑌 + 𝑐𝑙7 • 𝑟𝑍 + 𝑐𝑙8

𝑠𝑙 = 𝑐𝑙9 • 𝑟𝑋 + 𝑐𝑙10 • 𝑟𝑌 + 𝑐𝑙11 • 𝑟𝑍 + 1

൝
(𝑐𝑙1 − 𝑐𝑙9 • 𝑢𝑙) • 𝑟𝑋 + (𝑐𝑙2 − 𝑐𝑙10 • 𝑢𝑙) • 𝑟𝑌 + (𝑐𝑙3 − 𝑐𝑙11 • 𝑢𝑙) • 𝑟𝑍 + 𝑐𝑙4 = 𝑢𝑙

𝑐𝑙5 − 𝑐𝑙9 • 𝑣𝑙 • 𝑟𝑋 + 𝑐𝑙6 − 𝑐𝑙10 • 𝑣𝑙 • 𝑟𝑌 + 𝑐𝑙7 − 𝑐𝑙11 • 𝑣𝑙 • 𝑟𝑍 + 𝑐𝑙8 = 𝑣𝑙



201(Learning, Teaching) <o> (Research, Innovation) <o> (Leadership, Service)

School of Mechanical & Aerospace Engineering

Proof Step 2:

𝑠𝑟 • 𝑢𝑟

𝑠𝑟 • 𝑣𝑟

𝑠𝑟

=

𝑐𝑟1 𝑐𝑟2 𝑐𝑟3 𝑐𝑟4

𝑐𝑟5 𝑐𝑟6 𝑐𝑟7 𝑐𝑟8

𝑐𝑟9 𝑐𝑟10 𝑐𝑟11 1
•

𝑟𝑋
𝑟𝑌
𝑟𝑍

1

Reference Frame

Z

X

Y

𝑠𝑟 • 𝑢𝑟 = 𝑐𝑟1 • 𝑟𝑋 + 𝑐𝑟2 • 𝑟𝑌 + 𝑐𝑟3 • 𝑟𝑍 + 𝑐𝑟4

𝑠𝑟 • 𝑣𝑟 = 𝑐𝑟5 • 𝑟𝑋 + 𝑐𝑟6 • 𝑟𝑌 + 𝑐𝑟7 • 𝑟𝑍 + 𝑐𝑟8

𝑠𝑟 = 𝑐𝑟9 • 𝑟𝑋 + 𝑐𝑟10 • 𝑟𝑌 + 𝑐𝑟11 • 𝑟𝑍 + 1

 Also, the equation of right 

camera’s forward projection 

could be written into a system 

of equations:

൝
(𝑐𝑟1−𝑐𝑟9 • 𝑢𝑟) • 𝑟𝑋 + (𝑐𝑟2 − 𝑐𝑟10 • 𝑢𝑟) • 𝑟𝑌 + (𝑐𝑟3 − 𝑐𝑟11 • 𝑢𝑟) • 𝑟𝑍 + 𝑐𝑟4 = 𝑢𝑟

𝑐𝑟5 − 𝑐𝑟9 • 𝑣𝑟 • 𝑟𝑋 + 𝑐𝑟6 − 𝑐𝑟10 • 𝑣𝑟 • 𝑟𝑌 + 𝑐𝑟7 − 𝑐𝑟11 • 𝑣𝑟 • 𝑟𝑍 + 𝑐𝑟8 = 𝑣𝑟
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Proof Step 3:
 The equations from both cameras could be combined into the following 

system of equations:

We define:

(𝑐𝑙1 − 𝑐𝑙9 • 𝑢𝑙) • 𝑟𝑋 + (𝑐𝑙2 − 𝑐𝑙10 • 𝑢𝑙) • 𝑟𝑌 + (𝑐𝑙3 − 𝑐𝑙11 • 𝑢𝑙) • 𝑟𝑍 + 𝑐𝑙4 = 𝑢𝑙

𝑐𝑙5 − 𝑐𝑙9 • 𝑣𝑙 • 𝑟𝑋 + 𝑐𝑙6 − 𝑐𝑙10 • 𝑣𝑙 • 𝑟𝑌 + 𝑐𝑙7 − 𝑐𝑙11 • 𝑣𝑙 • 𝑟𝑍 + 𝑐𝑙8 = 𝑣𝑙

(𝑐𝑟1−𝑐𝑟9 • 𝑢𝑟) • 𝑟𝑋 + (𝑐𝑟2 − 𝑐𝑟10 • 𝑢𝑟) • 𝑟𝑌 + (𝑐𝑟3 − 𝑐𝑟11 • 𝑢𝑟) • 𝑟𝑍 + 𝑐𝑟4 = 𝑢𝑟

𝑐𝑟5 − 𝑐𝑟9 • 𝑣𝑟 • 𝑟𝑋 + 𝑐𝑟6 − 𝑐𝑟10 • 𝑣𝑟 • 𝑟𝑌 + 𝑐𝑟7 − 𝑐𝑟11 • 𝑣𝑟 • 𝑟𝑍 + 𝑐𝑟8 = 𝑣𝑟

𝐴 =

(𝑐𝑙1 − 𝑐𝑙9 • 𝑢𝑙) (𝑐𝑙2 − 𝑐𝑙10 • 𝑢𝑙) (𝑐𝑙3 − 𝑐𝑙11 • 𝑢𝑙)
(𝑐𝑙5 − 𝑐𝑙9 • 𝑣𝑙) (𝑐𝑙6 − 𝑐𝑙10 • 𝑣𝑙) (𝑐𝑙7 − 𝑐𝑙11 • 𝑣𝑙)
(𝑐𝑟1 − 𝑐𝑟9 • 𝑢𝑟) (𝑐𝑟2 − 𝑐𝑟10 • 𝑢𝑟) (𝑐𝑟3 − 𝑐𝑟11 • 𝑢𝑟)
(𝑐𝑟5 − 𝑐𝑟9 • 𝑣𝑟) (𝑐𝑟6 − 𝑐𝑟10 • 𝑣𝑟) (𝑐𝑟7 − 𝑐𝑟11 • 𝑣𝑟)

𝐵 =

𝑢𝑙 − 𝑐𝑙4

𝑣𝑙 − 𝑐𝑙8

𝑢𝑟 − 𝑐𝑟4

𝑣𝑟 − 𝑐𝑟8
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Proof Step 4:
 The previous system of equations could be written into a matrix form. The 

pseudo-inverse yields the equation of binocular vision’s inverse projection:

world Frame

*
Q

Z

X

Y

Z

X

Y x

y

*a

Camera Frame

ru

rv

* a

Right 

Camera

Right 

Image

Camera Frame
lu

lv

* b

Left 

Image

Left 

Camera

Y

*

Z

X

x

y
b

𝐴 •

𝑟𝑋
𝑟𝑌
𝑟𝑍

= 𝐵

(𝐴𝑡 • 𝐴) •

𝑟𝑋
𝑟𝑌
𝑟𝑍

= 𝐴𝑡 • 𝐵

𝑟𝑋
𝑟𝑌
𝑟𝑍

= (𝐴𝑡 • 𝐴)−1 • (𝐴𝑡 • 𝐵)
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Summary of Binocular Vision Solution

World Frame

*Q

Z

X

Y

Z

X

Y x

y

*
a

Camera Frame

ru

rv

* a

Right 

Camera

Right 

Image

Camera Frame
lu

lv

* b

Left 

Image

Left 

Camera

Y

*

Z

X

x

y
b

Stereo

Matching

𝑟𝑋
𝑟𝑌
𝑟𝑍

= (𝐴𝑡 • 𝐴)−1 • (𝐴𝑡 • 𝐵)
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Discussion: Could we obtain a binocular vision matrix 

which is similar to a monocular vision matrix?

x

y

*

*Q

q

Reference Frame

Camera Frame

Image 
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Yc
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Yes, binocular vision matrix is:

World Frame

*Q

Z

X

Y

Z

X

Y x

y

*
a

Camera Frame

ru

rv

* a

Right 

Camera

Right 

Image

Camera Frame
lu

lv

* b

Left 

Image

Left 

Camera

Y

*

Z

X

x

y
b

Stereo

Matching

𝑘 𝑟𝑋

𝑘 𝑟𝑌

𝑘 𝑟𝑍

𝑘

= 𝐵4×5

𝑢𝑙

𝑣𝑙
𝑢𝑟

𝑣𝑟

1

Xie M., Fang Yuhui and Lai Tingfeng, 

2025, New Solution to 3D Projection in 

Human-like Binocular Vision, International 

Journal of Humanoid Robotics.

https://doi.org/10.1142/S0219843624500087
https://doi.org/10.1142/S0219843624500087
https://doi.org/10.1142/S0219843624500087
https://doi.org/10.1142/S0219843624500087
http://www.editorialmanager.com/ijhr
http://www.editorialmanager.com/ijhr
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How to calibrate a human-like binocular vision?

 The Details of Binocular Vision Calibration:

 There are 19 coefficients inside B matrix.

 One pair of data provides 3 equations.

 Seven (7) pairs of data are sufficient enough.

One pair of {(u,v), (X,Y,Z)}

provides three equations for

calibrating binocular vision.

𝑘 𝑟𝑋

𝑘 𝑟𝑌

𝑘 𝑟𝑍

𝑘

= 𝐵4×5

𝑢𝑙

𝑣𝑙
𝑢𝑟

𝑣𝑟

1
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Example of Results

One pair of 

stereo images

Result of stereo 

matching

3D view of 

reconstructed 

line segments
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Example of Results

Ground Truth
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Example of Results
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Example of Results
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Open Issue of Stereo Matching

 How to find the match inside 

the right camera, given a 

pixel inside the left camera?

 Definition of Epipolar Line: 

Given a point in the left 

image, there is a straight line 

in the right image, which 

contains all the possible 

points to be matched with 

the given point in the left 

image. Such a line is called as 

an Epipolar line.
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About Epipolar Plane and Epipoles …

𝑛

𝑂𝑟
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More About Equation of Epipolar Line: 

 Choose any pair of two possible value of Z 

coordinate: (Z1, Z2), which correspond to two 3D 

points (P1, P2). 

 Compute the 3D coordinates of (P1, P2) by using the 

knowledge about the image coordinates in left 

camera.

 Project these two locations (P1, P2) onto the image 

plane of right camera.

 Compute the equation of epipolar line on image 

plane of right camera.

Left Camera Right Camera

O1
O2

Pl

Epipolar Line

P (x, y, z)

o

Pr

𝑃1

𝑃2
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Future Research:

Solution Toward Human-like Binocular Vision

Image

Acquisition

Image 

Sampling

Hybrid Feature

Extraction
Object

Cognition

Object

Recognition

Stereo 

Matching

3D Object

Localization

Image

Acquisition

RCE Neural 

Network

Left Camera Right Camera

1. Matching/Recognition by Convolution

2. Matching/Recognition by Subtraction
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Summary of Lecture 3

 Basics of 3D Geometry

 Parameters of 3D Geometry

 Measurement of 3D Geometry
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Summary of Module 2

 Perception of Photometry

 Perception of 2D Geometry

 Perception of 3D Geometry
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Design, Machine, Control, Intelligence

Thank You for Listening!

“Ask not what your country can do for you – ask what you can do for 
your country,” - John F. Kennedy

“Do not think that you are needy – think that you are needed in the 
world”, - Manis Friedman

“Study will make you knowledgeable, resourceful, and hence more 
needed”, - Xie Ming
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